A2 Pure- Chapter 9- Differentiation

Basic Derivatives
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Apart fromthe result forO A} THESE ARE NOT GIVEN IN THE FORMULALR@@Khem!

Differentiating Sine and Cosirfi;om First Principles

You are expected to be able to differentigdeFdand A T o@rom first principles.
To do this, you need to know the small angle approximatiori$:i & "Hi el -

You will also neethe compound angle formulae:
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The expression for thgradient of asmallchordonagraph®w "Q is: gradient —a
The deivative of the function is the limit of this expression'@ Tt "Qw io Ew

Using the functioiQo O EJ we get the following:

Qo I Eb———

Qw 1 Ed (usingthe compound angle formula)

Qo 1 Ed (taking a factor 0O Euifrom the first and last terms)
Qo 1 Ed (splitting into two fractions)

M w 1 ET ORd — AlTc® (separatingand Qterms in each fraction

We can now usehe small angle approximations
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Substituting these into the previoussult, we get Qo m O Ed p ATaD

Q ® AT
Hence the derivative b EdisA T ¢§and by a similar method you can also find the derivativ& b0
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These derivatives are onlyalid when the angles argivenin radians!

We can also generalise these rule using the chain rule (taught later in the unit):




Differentiating Exponentials and Logarithms

You need to knovand be able to use the standard results for differentiating exponentials and logarithms

You don’'t need

0 be afostminciples! di fferentiat e

There are a couple of derivatives which follow frimase, which you may be asked to show.

Differentiating @ and®

Let ® ©
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Differentiating i Qo

Let o | Qw
w 1 ib

Then —

(this is true aghe exponential cancels the logarithm)

(bring the power to the front

(bring theconstant to the front when differentiating

(bring thewinto the logarithm as a powér

(the exponential cancels the logarithm)

(laws of logarithm}

(obviously
(sincel T0is a constant)

(using the standard result)
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You can also use the chain rule, seen later, to get the same result.
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Chain Rule(not given in the formula book)

You can use the chain rule to differentiate composite functions, or functions of functions.

., ., .,
If wis a function oH and o is a function ofy then .—. -—0 -—.

With practice, you' re expected to be able to use th

Differentiating pavers of functions using the chain rule

When differentiating a polfyrmomti adnd wee d bad ntghd hpeo wpe

When differentiating a power of a functiofw by using the chain rulehis becomes:

“ Bng the power and the derivatvef t he function in the bracket to t
. . . . ‘
In function notation this can be generalised as: If « B . ", ° B B
Forexamplew oo p © — voew ow p 0 ow p asthe derivative o pisew

Differentiating function®f functions using the chain rule

When differentiating a function of a functio@w by using the chain rule:

“Di ffereontri anetitde ‘normall y’ amef bmé¢mhigom hteo dteln é

u []
In function notation, this can be generalisedas:  If« [J] o ., , 1l - H-
Forexamplewwy OEd © — ow Al & as the derivative oo iso® and the derivative 00 EdisA T ¢
Product Rule(not given in the formula book)
P LIS LI
Ifw O vywhered andv are functions ofy then m, O m, 9 m,
. (]
Abbreviate! You may also write this as m, Qo O
Quotient Rule (given in the formula book, in function notation)
u, LI
0 o o "o om, Om,
If —, whereod andv are functionsof &3 then P
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Abbreviate! You may also write this as =



Implicit Differentiation

Anequation of the formw "Qw is givenexplicitly.
An equation involving functions afandwsuch ascw ® w w is givenmplicitly.

Implicit equations can be difficult, sometimes impossible, to rearrange into an explicitforiiQw so you can
differentiate them. Even if is possible, the functioifQw may not be easy to differentiate.

Instead, we can differentiate implicitly. Tdférentiate implicitly with respect taa

1 Differentiate terms irwonly with respect tavas normal
1 Differentiate terms Irwonly with respect tavand multiply by— (this uses the chain rule)

1 Differentiate terms in botlwand wby treatingthem as the product of aterm and awterm and using the
productrule. Don’ t f or g-e when differentiating the term iroin the product rule!

9 The result can then be rearranged to make the subject.
Generally your expression for— will be in terms of botlwanda This is fine!
Her e' s a b differentiatecx a qoypud @o: with respect tow

w differentiates toow and ow differentiates topw—

¢w wanbe split intogcwandwand diffeentiatedusing the product ruleusingwand ¢wwould give the same resulit)

6 ¢cw 6 ¢ L w L p— SO — CWW CO— CW

Combining these, we get ow CO— CW  Qu—

Finally, rearrange to make- the subject: W W eWw— Cw—
W W — W Cw

Rates of Change and the Chain Rule

You can use the chain rule to conneates of change in situations involving more than two variables.

For example, say you knowiigincreasimgeath respexttto timddis Sci peaseaondr c |

This can be writtenas- v
We canalsowork out the rate ochange— of t he c¢cdrcl e’ s area

This is because- —  — using the chain rule. Wer e g-iamddhough wea r egivéent— in the question,
we know thatd  “i1 and can differentiate this to get~ ¢“ i We now have all we need to work out :
Q0 Qo0 Qi
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Second Derivatives

A function'Qw isconcaveon a given interval if and only if the second derivatRew  Ttfor all win the interva.
A function"Qm isconvexon a given interval if and only if the second derivatRew  Ttfor allwin the interval.

Apoint of inflection is a point at whichiQ & changes sign. It is not necessarily a turning point.

VA

. / In the interval [-2, 0] the curve is concave.
5 \

In the interval [1, 3], the curve is convex.

Here are some specific typestrigonometric derivatives you may be asked to find.
These are not common exam questions, but they may come up.

Differentiating Trigonometric Functions

You can differentiat® Ay O AcRA T Gulaid A T oDy writing them as fractions usi@ Esdand A Gwandusing the
guotient rule. Theesults are given in the forula book, and you can use theseless explicitly asked to show them:

— OAd OAB — OAA OADAS — Al GAA AT GAAD — Al Al ObA

DifferentiatinglnverseTrigonometric Functions

The derivatives oA O Ad)A © A QddndA O A Gakel only used in further maths, and the results are given in that
section of the formula book:

— AOAME == — AOAAT 0 —— — AOAOATLL_
p p o p &
However, you could be asked to show these results are true.

For example, to differentiatd O Ad) E 1

Start witht ® AOA®MEIT
Take sine of both sides: w OHd
Differentiate with respect taa — ATd® (you could also differentiate implicitly here)

Take reciprocals: - —
To rewrite in terms ofao(which we know equal® K, we use a rearrangement & E+ AT &k p

SubstituteAT¢® p OEd S —

Substitutecs O &I —

w

You can find the derivative & O A Qi édactly the same way.

ForA O A &wleluse the same method and the equivalent identity O A tok O A & on the denominator.



