A2 Pure- Chapter 11-Integration

Standard Integrals

You need tknow these standard integrals, which are simply the inverses of known derivatives:
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More standard integrals which you may need teewse given in the formula bopkuch as:
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Using Trigonometric Identities

Trigonometic identities can be used to +&rite someintegralsinto a form which matches standard results.
For example, we dohknow how to integrate) A Bty but we do know thatD At p k OA &

Using this identity, we can write that O At Qe . OAS p Qo OAd & as the integral of
O A Ais a standardesult given in the formula book.

Using trigonometric identitiesof this takes practice, so ddrworry if you struggle to spot them at firdtlook at the
standard derivative the formula boolas well as the integrals.

For example, sincgou are giver— O AR O Ac#O Adl then we know that O AcD AdlQ & O AdA @

Integration by Reversing the Chain Rule

There are two similar cases in which the chain rule for differentiation is easily reversed.

If a function can be vitten in either of these formgou can integrate by reversing the chain rule for differentiation:

(the numerator is the derivative of the denominator)

° l o (the function at the front is the derative of the function in the power)

To integrate expressions of the form

try 1 a e S as a possible solution, differentiate using the chain rule to check, and adjust any constant if required.

To inegrate expressans of the form ° l o H,

try l e asa possible solution, differentiate using the chain rule to check, and adjust any constant if required.
This can also be done bspection
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When using inspection, it can help to bring any constanb@integralto the frontto keep it out of the way!

As always, and especially with trigonometric functions, be sumaabke use of the standard integrals given in the
formula book to help you identify when a function is in a suitable form for this technique to be used.



Integration by Substitution

Sometimes you can simplify an integral by changing the variable. This pisc@silar to the chain rule for
differentiation, and is called integration by substitution. In the exam you may be told which substitution to use.

Otherwise, look for integrals of—— and TQ & Q& , whereyou canus® [ o as the substitution.

If you are not confident reversing the chain rule, substitution can always be used instead!
Another common type of substitution fer fractions with a polynomial numerator and linedgnominator, such as

Qw
—— QW
WW W
Here, you would use the substitutidn ¢ & cand write the numerator in terms af as well to get
Q6 .
—Qw
0

As"Q06 will also be a polynomial, the fraction can now be separated out and powérsiaiplifiedthen integrated.

Partial Fractions

You may b able to integrate algebraic fractions by using partial fractions into write as simpler fractions which can be
integrated separately. These simpler fractions will have constant numerators and linear denominators, which
integrate to give natural logarithm

For example,

. Qw L Qw (Factorise the denominator)
L, —Qw | —Qw (Using partial fractions, see Chapteiot method)
cld ps T ¢ @ (Using inspection, reserve chain rule or substitution)
jjeet g

(Optional, using log laws to combine the logarithms)

Areas between Curves

You saw in Y12 how to use definite integrals to find the area betwemnmve and thexaxis.

You can also find the area between two curvesnbggrating the difference between the functioner by finding the

difference between the two integrals:
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This only works if the two curve® not intersectin the range (o

Otherwise you should do separate calculations for each section.
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Integraion by Parts

You have already met the product rule for differentiation:
0L 6L OV also written as — 0V 0— 0—

This can be rearranged:
ou 0L ox
Integrateeach term orboth sides:
oL Qw 0L Qw 0L QW
oo M4 ¢ o 0ol

We now have a formula which allows us to integrate a produtivoffunctions,6 ando’ , whi ch can’t
directly. This works as long asand 0 both exist and the produad 0 can be integrated.

Thismethodis known asgntegration by parts and the formula is given in the formula book-a form:
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Forexamplel et s integrgc@@B the function

One part of the function will be our, and the other will b& . | will choos& cwandve O Ed
Write out 0, 6a) andbaeWe need to quickly differentiatewand integrateO Eito complete this:
0 Cw 0 ATa®
6 ¢ 0 ORi

Then set up the integral using the formula:

.00 Qw 00 _O0LQW o . cO BIQ o cwo AT® .G ATcOQm
Tidy this up a bit: o . COOEIQ® CwATa® _ cATdNw
The integral on the RHS is trivial ~ © _ O BIQ® COATE® cOBI &

Done! Don’'t® fbogethibheihdefinite integral

You have to choose which part of the original function wilbkend whichwillbe&’ . You can just d
random, and see if the integration works. If not, swap them roundtandgain.But a few basic tips can help you
get this choice right first time, based on the fact tidateeds to be differentiated and needs to be integrated:

1. When the expression involvds b, alwaysset this to bed as it differentiates easily
2. Powers ofwget simpler when differentiated, so set thesed@s possible.

3. Q,0 EdandA 1 ¢fare just as easily integrated as differentiated, so they are often set as



Solving Differential Equations

A differential equation is a mathematical equation that relates some function with its derivatives.

In practicalapplications, the functions usually represent physical quantities, the derivatives represent their
rates of changeand the equation defines a relationship between the two.

In Alevel Maths wu will solvefirst order differential equations-those containing a first derivative such as
— but no higherderivatives Second order differential equains are only covered in Further Maths. Sorry.

Solutions todifferential equatiors can be found by integration. You have already seen simple examples of
these in AS Math&hen you were asked to integrate gradient functions, for example:

First order diffeential equation: — p @ p
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General solution: () TW W W or W WCw p Cw p W

This giveshe general solutionto the differentialequation (with aconstant of integratior) and represents
afamily of solutions all with different constants and all satisfying the original equation.

To find aparticular solution you need to be given a point on the curve so you can calculate the value of
the constant. This is sometimes calledaindary condition

Integration carbe used tosolve more complegifferential equations bgeparating the variables

L q
When m, I ) | « , you carrearrange this to give

These often give natural logarithms{or some function o) on the lefthand side. These can be
cancelled out by taking natural exponents (power&obn both sides.

A common application of differential equations is to model #dalsituations, such as radioactive decay or
population growth. These oftegivenatural logarithms ofo(or some function oy on the lefthand side.
By taking natural exponents (powers@fon both sides, a common general solution is

w Q
Note that the constant of integration is in the exponent. This can be rewrit®ng index lawas follows:
Q Q Q 0Q t « ——J ¢

whereo is a new constant, often an initial value f@rwhich can be found using the boundary conditions.



TheTrapezium Rule

If you cannot integrate a function algebraically, you can use a numerical method to approximate the area beneath a
curve. One such method is ti@pezium rule

Consider the curved QW : v .
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To approximate the area given by wQ you can divide the area intoequal stripof width ' Qwhere Q —.

The areaoftheest ri ps can be estimated by cohsidering each
The sum of the areas of thetrapezia gives us an approximation for the intag

To find the area of each trapezium, we also need the height of the left and right boundaries for eactakttilat€
the valueof wfor each value ofon the boundary of one of the strips. These values can be lab@llEd B o :
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Finally, create the trapezia by drawing chordsdoto w , w to w, etc. /
You know from GCSE maths that the area of the trapezium like this is givernby w Q . .
: V1 !
So the area under the ce is given by the sum of the trapezia: Yo :
v 2o o Po o 8 2o o o Po ow :
q q C C !
Factorsing gives:
HQ & %’Qa)a) G 6 8 & o o6
Collecting terms:
dma)%na) cCHo & 8 6 &

This is the result given in the formula book:
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The trapezium rule: _[ ydx = %h{(yo +y)+2y, ty, ...ty )}, where h=
a - - n

The more strips/ou use, the more accurate the estimate from the trapezium rule will be.

For convex curves, the trapezium rule will give an overestimate, for concave curves it will be an underestimate.



