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Surds and rationalising the denominator

Key points

A surd is the square root of a number that is not a square number, for example J2,43,5,

Surds can be used to give the exact value for an answer.

Jab —Jaxb and ﬁ:%

To rationalise the denominator means to remove the surd from the denominator of a fraction.

a

Jb
b+c

To rationalise

To rationalise

Examples

Example 1  Simplify /50

you multiply the numerator and denominator by the surd N

you multiply the numerator and denominator by b-c

J50 =+/25% 2

=252
=5xJ§
=52

Choose two factors of 50. One must
be a square number

Use the rule «/ab =+/a x</b
Use /25 =5

Example 2  Simplify 147 —2\12

J147 — 212
=/49x3 -2/4x3

A9 x3 -2/ 3
=7x+[3-2x2x+/3
=7/3-43

=33

Simplify +147 and 2+/12 . Choose
two numbers that are factors of 147
and two numbers that are factors of
12. One of each pair of factors must
be a square number

Use the rule «/ab =+/a x</b

2
3 Use 49 =7 and /4 =2

Collect like terms

Example 3 Simplify (ﬁ+ﬁ)(ﬁ—ﬁ)

(7))
= JB8 T2 +2T A

=7-2
=5

Expand the brackets. A common
. . R 2
mistake here is to write (\/7) =49

Collect like terms:

NN
- 3 TNE =0
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Example 4

Example 5

Example 6

o1
Rationalise —
NG
1 ixﬁ Multiply the numerator and
V3B B denominator by /3
1x \/§ 3
= = — Use \/§=3
NG 3
Rationalise and simplify £
J12
V2 - 2 X\/l_2 Multiply the numerator and
NV ERNVINV) denominator by J12
_ J2 x[4x3 Simplify V12 in the numerator.
12 Choose two numbers that are factors
of 12. One of the factors must be a
square number
Use the rule v/ab =+/a x+/b
= 2\/5\/§ Use \/ZZ 2
12
Simplify the fraction:
= M 2 simplifies to 1
6 12 6

3
Rationalise and simplify 2—

+5
3 3 Xz—JE
2+\/§_2+\/§ 2—\/5
__3(2-45)
(2+45)(2-5)
_ 6-35
4+2\5-25-5
6—35
S
=3J5-6

Multiply the numerator and
denominator by 2— \/g

Expand the brackets

Simplify the fraction

Divide the numerator by —1
Remember to change the sign of all
terms when dividing by —1
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Practice
1 Simplify. Hint
a /45 b 125 One of the two
c <48 d 175 numbers you
choose at the start
e 300 f 28 must be a square
g 72 h 162 number.
2 Simplify. Watch out!
a +J72+162 b J45-25 Check you have
hosen the highest
50-/8 d 75-48 ¢
c 50-48 V7548 square number at
e 2J28++28 f o 2J12-V12+27 the start.
3 Expand and simplify.
a  (V2+3)(V2-43) b (3+V3)(5-V12)
¢ (4-5)(45+2) d  (5+2)(6-+8)
4 Rationalise and simplify, if possible.
a = b
N3 VT
2 2
c — d =
Nz N
e = -
N7 N3
J24 Jas
5 Rationalise and simplify.
a 1 b 2 c _5_
3-5 4+3 5-+2
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Extend

6 Expand and simplify (&+\/§)(\/§_ﬁ)

7  Rationalise and simplify, if possible.

1 1
a b
NN -y
ANSwWers
1 a 345 b 55
c 43 d 57
e 1043 f o207
g 62 h 92
2 a 1542 b 5
c 32 d 3
e 647 f 503
3 a -1 b 9-3
¢ 10J5-7 d 26-42
2 5 , VI
5 11
¢ A7 g 2
7 2
e 2 f 5
3 1
N2 h =
9 - 3
- 3445 b 2(4-3) 3 6(5++/2)
4 13 23
6 Xx-—y
7 a 3+2\/§ b \/;+\/y
X=y
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Rules of indices

Key points
° am X an - am+n
R S
=
° (am)n - amn
o a’=1

1

e a"=Y/a ie.thenthrootof a

e The square root of a number produces two solutions, e.g. J16 =+4.

Examples

Example 1

Example 2

Example 3

Example 4

Evaluate 10°
10°=1 Any value raised to the power of zero is
equal to 1
1
Evaluate 92
1 1
92 =9 Use the rule a" =%/a
=3
2
Evaluate 273
2 m m
273 = (¥27) 1 Usethe rule a" =(¥/a)
_ g 2 Use /27 =3
=9
Evaluate 472
L 1 _ 1
47 == 1 Usetherule a™™ =—
4 a
1 2
= 2 Use 4°=16
16
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Example 5

Example 6

Example 7

Example 8

Practice

1 Evaluate.

a 14°

2  Evaluate.

1

a 492

3 Evaluate.

3
a 252

6x°
Simplify —
2x2
6x° a” _
— =3x3 6+2=3andusetherule —=a"" to
2X2 an
5
X _
give = =x""2=x°
X
3 5
. XXX
Simplify v
3 5 3+5 8
X X4X —X4 :X_4 1 Usetherule a"xa" =a™"
X X X
a” _
=x8"4=x4 2 Use the rule —n:am n

Write 3i as a single power of x
X

1 1
— ==x1 Use the rule i =a ", note that the
3x 3 a”

fraction % remains unchanged
Write 4 as a single power of x
Jx

4 4 1
—_—= - n — n
N 1 Usetherule a" =%/a

L 1 m
=4x 2 2 Use the rule a—m:a

b 3
1
b 643
5
b 83

c 50 d x°
1 1
c 1253 d 164
3 3
c 492 d 164
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4  Evaluate.
a 572 b 43 c 2° d 67
5  Simplify.
2 3 5 3 3,,2
1 2
a 3x ><2x b (;x c 3X % 3x d 7X g/
2X 2X° X X 2X 14x°y
3 1 3
y2 C% (ZXZ) X? X X?
€ 1 f 3 g9 0 h -2 3
3 2 3 4% X “xXX
y*xy c"xC
6 Evaluate.
-2 -2 -2 Watch out!
a 42 b 273 c 9 2x2° '
1 _1 2 Remember that
- 91) 2 27 3 i
d 164x273 e (_) f (_j any value raised to
16 64 the power of zero
is 1. This is the
) ) ) rulea®=1.
7 Write the following as a single power of x.
a 1 b i7 ¢ ¥x
X X
1 1
5/,,2
d X e % f 3 XZ
8  Write the following without negative or fractional powers.
1
a x° b X c x5
2 L 3
d x° e X 2 f X 4
9  Write the following in the form ax".
2 1
a 5Jx b — c —
Vx X 3x*
2 4
d — e — f 3
Jx Ix
Extend
10 Write as sums of powers of x.
5
X jl b xz[x+1) c x*‘(x2+i3j
X X X
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Answers
1 a 1
2 a 7
3 a 125
4 a i
25

3

5 a 3L
2

c 3X

1

e y?

g 2x°

6 a l
2

qg 1
4

7 a xt
dq x°

1

8 a —
X3

d Ix?
1

9 a 5x2
1

d 2x?

10 a xX3+x

o5 w| o

B
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Factorising expressions

Key points

o Factorising an expression is the opposite of expanding the brackets.

e A quadratic expression is in the form ax? + bx + ¢, where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose product is ac.
e Anexpression in the form x? —y? is called the difference of two squares. It factorises to

(X=y)(x+Y).

Examples

Example 1  Factorise 15x2y® + 9x%

15x2y3 + 9x%y = 3x%y(5y? + 3x?)

The highest common factor is 3x?y.
So take 3x?y outside the brackets and
then divide each term by 3x?y to find
the terms in the brackets

Example 2 Factorise 4x2 — 25y?

4x2 — 25y2 = (2x + 5y)(2x — 5Y)

This is the difference of two squares as
the two terms can be written as
(2x)2and (5y)?

Example 3 Factorise x2 + 3x — 10

b=3,ac=-10

Sox?+3x—10=x2+5x—2x—10
=X(X+5)-2(x +5)

=(X+5)(x-2)

1 Work out the two factors of
ac = —10 which add to give b =3
(5 and -2)

2 Rewrite the b term (3x) using these
two factors

3 Factorise the first two terms and the
last two terms

4 (x +5)is a factor of both terms
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Example 4

Example 5

Factorise 6x2— 11x— 10

b=-11,ac=-60

So
6x2— 11x—10=6x2— 15x + 4x — 10

=3x(2x —5) +2(2x —5)

= (2x-5)(3x + 2)

1 Work out the two factors of
ac = —60 which add to give b =—11
(=15 and 4)

2 Rewrite the b term (—11x) using
these two factors

3 Factorise the first two terms and the
last two terms

4 (2x — 5) is a factor of both terms

2
X°—4x-21
Simplify ———
Py X ox+9
X2 —4x—21 1 Factorise the numerator and the
P denominator
2X°+9x+9

For the numerator:
b=-4,ac=-21

So
X2—4x—-21=x>—7x+3x-21

=X(X—=7)+3x—17)
=(x=7kx+3)

For the denominator:
b=9 ac=18

So
22+ 9x+9=2x+6x+3x+9

=2X(x+3) + 3(x + 3)

=(x+3)(2x +3)
So

x> —4x-21  (x=T7)(x+3)
2x2 +9x+9  (x+3)(2x+3)
_ X=7
~ 2x+3

2 Work out the two factors of
ac = —21 which add to give b = —4
(=7 and 3)

3 Rewrite the b term (—4x) using these
two factors

4 Factorise the first two terms and the
last two terms

5 (x—7) is a factor of both terms

6 Work out the two factors of
ac = 18 which add to giveb=9
(6 and 3)

7 Rewrite the b term (9x) using these
two factors

8 Factorise the first two terms and the
last two terms

9 (x + 3) is a factor of both terms

10 (x + 3) is a factor of both the
numerator and denominator so
cancels out as a value divided by
itself is 1
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Practice

1

2  Factorise
a X+7x+12
c x2—-11x+30
e x2-7x-18
g x2-3x-40
3  Factorise
a  36x2—49y?
c 18a%-200b?%c?
4  Factorise
a 2x*+x-3
cC 2*+7x+3
e 10x*+21x+9
5 Simplify the algebraic fractions.
2x2 + 4x
a 2
X —X
x? —2x—8
c 2
X —4x
X2 —x-12
€ 2
X° —4x
6 Simplify
9x> —16
3x% +17x-28
4-25%?
10x* -11x—6
Extend
7 Simplify Jx? +10x+ 25
2 2
8 Simplify (x+2) 24—351x +2)
X —

Factorise.
a  6x4y3—10x%*
C  25x%y? — 10x3%y? + 15x%y°

o h O T

21a%b® + 35a°h?

X2 +5x—14
X2 —5x — 24
X2 +x-20

X2 + 3x — 28

4x? — 81y?

6x2+17x+5
Ox2—15x + 4
12x2—38x + 20

X2 +3x
X2 +2x-3
x? —5x
x? — 25

2x% +14x
2x% +4x-70

2x? —7x—15
3x? -17x+10
6x%> —x—1
2x2 +7x—4

Hint

Take the highest
common factor
outside the bracket.
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Answers

1

Q © O [ I <))

[ Y

2x%y3(3x — 5y)
5x2y2(5 — 2x + 3y)

(x+3)(x+4)
(x—=5)(x—6)
x-9)(x+2)
(x—-8)(x +5)

(6x — 7y)(6x + 7y)
2(3a — 10bc)(3a + 10bc)

(x-1)(2x + 3)
(2x+1)(x +3)
(5x + 3)(2x +3)

2(x+2)
x—=1
X+2
X
X+3

X

3x+4
X+7

2—5X

2x—3

(x+5)

4(x+2)

X—2

o h O T

7a%h?(3b® + 5a?)

xX+7)(x-2)
(x-8)(x +3)
(x+5)(x-4)
X+ 7)(x-4)

(2x —9y)(2x + 9y)

(Bx+1)(2x +5)
(Bx—-1)(3x—4)
2(3x — 2)(2x -5)

X
x-1
X
X+5

X-5

2X+3
3x—-2
3x+1
X+4
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Completing the square

Key points

e Completing the square for a quadratic rearranges ax? + bx + ¢ into the form p(x + q)? + r

e Ifa+#1,then factorise using a as a common factor.

Examples

Example 1  Complete the square for the quadratic expression x? + 6x — 2

X2+ 6x—2
=(x+3)2—9-2

= (x+3)?— 11

1 Write X2 + bx + ¢ in the form

SRE

2 Simplify

Example 2 Write 2x> — 5x + 1 in the form p(x + q)? + r

2x2—5x+1

1 Before completing the square write
ax? + bx + ¢ in the form

(3]
aj X" +—X |+C
a

2 Now complete the square by writing

x? —%x in the form

2

3 Expand the square brackets — don’t

2
forget to multiply (%j by the

factor of 2

4 Simplify
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Practice
1 Write the following quadratic expressions in the form (x + p)? + q
a X2+4x+3 b x2-10x-3
c x2-8x d x2+6x
e XP-2x+7 f x2+3x-2
2 Write the following quadratic expressions in the form p(x + q)2 + r
a 2x2-8x-16 b 4x2-8x-16
c 3x*+12x-9 d 2x*+6x-8
3 Complete the square.
a 2x2+3x+6 b 3x2-2x
c  5x+3x d 3x2+5x+3
Extend
4 Write (25x? + 30x + 12) in the form (ax + b)? + c.
Answers
1 a (x+2?%-1 (x—5)2-28
c (x—4)-16 (x+3)2-9
2
e (x-1)2%+6 f (x+§] u
2 4
2 a 2(x-232-24 b 4(xx-1)2%-20
2
c 3(xx+2)?-21 d 2(x+gj 2
2 2
3 a 2 X+§ +§ b 3 x—lj 1
4 8 3 3
2 2
C 5(x+ij S d 3(x+§j +E
10 20 6 12
4 (5x+3)?+3
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Solving quadratics by factorisation

Key points

e A quadratic equation is an equation in the form ax? + bx + ¢ = 0 where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose products is ac.
e When the product of two numbers is 0, then at least one of the numbers must be 0.

e If a quadratic can be solved it will have two solutions (these may be equal).

Examples

Example 1  Solve 5x2 = 15x

5x2 = 15X 1 Rearrange the equation so that all of
the terms are on one side of the
5x2—15x=0 equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.

5x(x—3)=0 2 Factorise the quadratic equation.
5x is a common factor.

So5x=0o0r(x—3)=0 3 When two values multiply to make
zero, at least one of the values must
be zero.

Thereforex=00rx =3 4 Solve these two equations.

Example2  Solve x?2+ 7x+12=0

X2+7x+12=0 1 Factorise the quadratic equation.
Work out the two factors of ac = 12

b=7ac=12 which add to give you b = 7.
(4 and 3)

X2+4x+3x+12=0 2 Rewrite the b term (7x) using these
two factors.

X(x+4)+3(x+4)=0 3 Factorise the first two terms and the
last two terms.

x+dHx+3)=0 4 (x +4) is a factor of both terms.

So(x+4)=0o0r(x+3)=0 5 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x =—4 or x =—3 6 Solve these two equations.

Example 3  Solve 9x2 - 16=0

9X2-16=0 1 Factorise the quadratic equation.

(Bx+4)(3x-4)=0 This is the difference of two squares
as the two terms are (3x)? and (4)°.

So(3x+4)=00r(3x-4)=0 2 When two values multiply to make
zero, at least one of the values must

4 4 be zero.
X=-g ohx=7 3 Solve these two equations.
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Example 4  Solve 2x2-5x—12=0

b=-5ac=-24

So02x*—8x+3x—-12=0
2X(X—4)+3x—4)=0

x-4)2x+3)=0

So(x—4)=0o0r(2x+3)=0

1

[Sa R

Factorise the quadratic equation.
Work out the two factors of ac = —24
which add to give you b =-5.

(=8 and 3)

Rewrite the b term (=5x) using these
two factors.

Factorise the first two terms and the
last two terms.

(x — 4) is a factor of both terms.
When two values multiply to make
zero, at least one of the values must

4 3 be zero.
X=4a0rx=—3 6 Solve these two equations.
Practice
1 Solve
a 6x2+4x=0 b 28x*-21x=0
c Xx2+7x+10=0 d x2-5x+6=0
e XxX°-3x-4=0 f x*+3x-10=0
g x2-10x+24=0 h x2-36=0
i x2+3x-28=0 j x2-6x+9=0
k 2x*-7x-4=0 |  3x2-13x-10=0
2 Solve
a x2-3x=10 b x*-3=2 Hint
c x2+5x=24 d x2-42=x
e X(x+2)=2x+25 fox2-30=3x_2 oGthtoacl)ln?;rircljz
—_ 2 _
g Xx(3x+1)=x*+15 h 3x(x-1)=2(x+1) of the equation.
Answers
1 a x=0orx=-2 b x=0orx=->
3 4
c x=-borx=-2 d x=2o0rx=3
e x=-lorx=4 f x=->5orx=2
g x=4o0orx=6 h x=-6o0rx=6
i x=-7Torx=4 J x=3
k x=-Torx=4 | x=-2orx=5
2 3
2 a x=-2o0rx=5 b x=-lorx=3
c x=-8orx=3 d x=-6orx=7
e x=-borx=5 f x=-4dorx=7
g x=-3orx=21 h x=-forx=2
2 3
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Solving quadratics by completing the
square

Key points

e Completing the square lets you write a quadratic equation in the form p(x + )% + r = 0.

Examples

Example 5  Solve x? + 6x + 4 = 0. Give your solutions in surd form.

X2+6x+4=0 1 Write x2 + bx + ¢ = 0 in the form
bY (bY

X+32-9+4=0 X+=| —| =] +c=0

“*9 ( 2J (zj

(x+3)2-5=0 2 Simplify.

(x+3)2=5 3 Rearrange the equation to work out
X. First, add 5 to both sides.

X+3=+/5 4 Square root both sides.
Remember that the square root of a

_ value gives two answers.

x= +/5-3 5 Subtract 3 from both sides to solve
the equation.

Sox=—/5-3 orx=+/5-3 6 Write down both solutions.

Example 6  Solve 2x2 — 7x + 4 = 0. Give your solutions in surd form.

22 —=7x+4=0 1 Before completing the square write
ax? + bx + c in the form
Z(XZ—ZXJ+4=O a(x2+9xj+c
2 a
7V (7 2 Now complete the square by writing
2| x—=| —=| =] |+4 =0 7 .
4 4 x> -5 X in the form

) (&)

7V 49
Z(X_Zj —§+4 =0 3 Expand the square brackets.
7V 17
2l x——| == =0 4 Simplify.
(x-3] -4 ity
(continued on next page)
Z(X 7}2 17 5 Rearrange the equation to work out
4 8 x. First, add % to both sides.
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7 17 6 Divide both sides by 2.
B
7 Square root both sides. Remember
7 17 that the square root of a value gives
T t 4 two answers.
7 .
8 Add - to both sides.
X = iﬁ o1 4
4 4
9 Write down both the solutions.
7 17 7 17
SO X=————o0r X=—+—
4 4 4 4

Practice

3 Solve by completing the square.
a x2-4x-3=0 b x2-10x+4=0
cC XxX2+8x-5=0 d x*-2x-6=0
e 2x2+8x-5=0 f 5x2+3x-4=0

4 Solve by completing the square. Hint
a (x-4x+2)=5
b 2x*+6x-7=0 Get all terms
¢ Xx2-5x+3=0 onto one side
of the equation.

Answers

3 a x=2+J7Torx=2-47 b x=5++21 orx=5- 21
¢ x=-4+~2lorx=-4-J21 d x=1++7 orx=1-+7

e x=—2+\/6.50rx=—2—\/6.5 f xz%:@orxzﬂ

1

4 a X=1+\/EOI’X=17\/]] b X=_3+2\/§ orx:_S_Z@

5+13 o x = 5-13
2 2

c X=
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Solving quadratics by using the formula

Key point

S

e Any quadratic equation of the form ax? + bx + ¢ = 0 can be solved using the formula

-b
X =

++/b? — 4ac

2a

e If b? - 4ac is negative then the quadratic equation does not have any real solutions.
o Itis useful to write down the formula before substituting the values for a, b and c.

Examples

Example 7

Example 8

Solve x? + 6x + 4 = 0. Give your solutions in surd form.

a=1b=6,c=4

_—b=b®—4ac

2a

X

X:—6i1k2—4aX®

2(1)
X_—6i@
2
X_—6i2J§
2
x=-3+5

S0 x=-3-+/5 or x=5-3

1 Identify a, b and ¢ and write down
the formula.

Remember that —b ++/b? —4ac is

all over 2a, not just part of it.

2 Substitutea=1, b =6, c =4 into the

formula.

3 Simplify. The denominator is 2, but

this is only because a = 1. The
denominator will not always be 2.

4 Simplify /20 .

V20 =/4x5 =4 x5 =25

5 Simplify by dividing numerator and
denominator by 2.
6 Write down both the solutions.

Solve 3x? — 7x — 2 = 0. Give your solutions in surd form.

a=3,b=-7,c=-2

_ —b++/b?-4ac

2a

X

D -403)(-2)
23)

X

7+.J73

6

~
|
~

So x=

1 Identify a, b and ¢, making sure you
get the signs right and write down
the formula.

Remember that —b ++/b? —4ac is

all over 2a, not just part of it.

2 Substitutea=3,b=-7,c=-2into
the formula.

3 Simplify. The denominator is 6
when a = 3. A common mistake is
to always write a denominator of 2.

4 Write down both the solutions.
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Practice

5  Solve, giving your solutions in surd form.

a 3x*+6x+2=0

6  Solve the equation x>~ 7x +2 =0

c

Give your solutions in the form

7 Solve 10x*+3x+3=5
Give your solution in surd form.

Extend

2X2—4x—-7=0

b .
, Where a, b and c are integers.

Hint

Get all terms onto one
side of the equation.

8 Choose an appropriate method to solve each quadratic equation, giving your answer in surd form

when necessary.

a Mx(x-1)=3x-2
b 10=(x+ 1)

c x(Bx-1)=10

Answers

6 - -
2
S —3+4/89 or x = 3-89
20 20
8 a x=7+g/17 0rx=7_z;/1_7

b x=-1++10 orx=-1- 10

C x=—1§ orx=2

32

Xx=1+ —orx=1-——
2

32
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Solving linear simultaneous equations
using the elimination method

Key points

e Two equations are simultaneous when they are both true at the same time.

o Solving simultaneous linear equations in two unknowns involves finding the value of each
unknown which works for both equations.

e Make sure that the coefficient of one of the unknowns is the same in both equations.

¢ Eliminate this equal unknown by either subtracting or adding the two equations.

Examples

Example 1

Example 2

Solve the simultaneous equations 3x +y=5and x+y=1

3x+y=5
- x+y=1

2X =4
Sox=2

Usingx+y=1
2+y=1
Soy=-1

Check:
equation1: 3x 2+ (-1) =5 YES
equation2: 2+ (-1) =1 YES

1 Subtract the second equation from
the first equation to eliminate the y
term.

2 To find the value of y, substitute
X = 2 into one of the original
equations.

3 Substitute the values of x and y into
both equations to check your
answers.

Solve x + 2y = 13 and 5x — 2y = 5 simultaneously.

x+2y=13
+ 5x—-2y= 5

6X =18
Sox=3

Using x + 2y = 13
3+2y=13
Soy=5

Check:
equation1: 3+2x5=13  YES
equation2: 5x3—-2x5=5 YES

1 Add the two equations together to
eliminate the y term.

2 To find the value of y, substitute
x = 3 into one of the original
equations.

3 Substitute the values of x and y into
both equations to check your
answers.
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Example 3 Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously.
(2x+3y=2)x4 —> 8x+12y= 8 | 1 Multiply the first equation by 4 and
(5x+4y=12)x3—>  15x+12y =236 the second equation by 3 to make
7X = 28 the coefficient of y the same for
both equations. Then subtract the

Sox=4 first equation from the second

equation to eliminate the y term.

Using 2x + 3y =2 2 To find the value of y, substitute

2x4+3y=2 X = 4 into one of the original

Soy=-2 equations.

Check: 3 Substitute the values of x and y into
equation 1: 2 x4 +3 x(-2)=2 YES both equations to check your
equation 2: 5x 4 +4 x (-=2) =12 YES answers.

Practice

Solve these simultaneous equations.

1 4x+y=8
X+y=5

3 4x+y=3
3x-y=11

5 2x+y=11
Xx-3y=9

Answers

1 x=1y=4

3 x=2,y=-5

5 x=6,y=-1

X+y=7
3Xx+2y=5

x+4dy=7
X—4y =5

2x+3y=11
3x+2y=4
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Solving linear simultaneous equations
using the substitution method

Key points

e The subsitution method is the method most commonly used for A level. This is because it is
the method used to solve linear and quadratic simultaneous equations.

Examples

Example 4

Example 5

Solve the simultaneous equations y = 2x + 1 and 5x + 3y = 14

5x + 3(2x + 1) = 14

5x+6x+3=14
11x+3=14
11x =11
Sox=1

Usingy=2x+1
y=2x1+1
Soy=3

Check:
equation1:3=2x1+1 YES
equation2: 5x1+3x3=14 YES

1

2

Substitute 2x + 1 for y into the
second equation.
Expand the brackets and simplify.

Work out the value of x.

To find the value of y, substitute
x = 1 into one of the original
equations.

Substitute the values of x and y into
both equations to check your
answers.

Solve 2x —y = 16 and 4x + 3y = —3 simultaneously.

y=2x—16
4x + 3(2x — 16) =3

4x + 6x—48=-3
10x—48=-3
10x =45
Sox=41
Usingy =2x — 16
y=2x 4% -16
Soy=-7
Check:
equation1: 2x 41 —(-7)=16  YES
equation 2: 4 x 41 +3 x (-7) = -3 YES

=

Rearrange the first equation.
Substitute 2x — 16 for y into the
second equation.

Expand the brackets and simplify.

Work out the value of x.

To find the value of y, substitute
x = 4% into one of the original

equations.

Substitute the values of x and y into
both equations to check your
answers.

@ Pearson
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Practice

Solve these simultaneous equations.

7 y:x_4 8 y:2X—3
2x + 5y =43 5x-3y=11
9 2y=4x+5 10 2x=y-2
Ox + 5y =22 8x — 5y =-11
11 3x+4y=8 12 3y=4x-7
2x—-y=-13 2y =3x-4
13 3x=y-1 14 3x+2y+1=0
2y—-2x=3 4y =8 —x
Extend
15 Solve the simultaneous equations 3x + 5y —20 =0 and 2(x + ) :@ .

Answers

7 x=9,y=5 8 x=-2,y=-7
_1 . _,1 _1

9 X—E,y—3E 10 X—E,y—B

11 x=-4,y=5 12 x=-2,y=-5
=18 = o y=2l

13 X—Z,y—lZ 14 x=-2,y 22

15 x=-22,y=5+
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Solving linear and quadratic simultaneous
equations

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1

Solve the simultaneous equations y = x + 1 and x? + y2 = 13

X2+ (x+1)2=13

X +x2+x+x+1=13
2 +2x+1=13

2%+ 2x—12=0
(2x—4)(x+3)=0
Sox=2o0rx=-3

Usingy=x+1
Whenx=2,y=2+1=3
Whenx=-3,y=-3+1=-2

So the solutions are
x=2,y=3 and x=-3,y=-2

Check:

equation1:3=2+1 YES
and—2=-3+1 YES

equation 2: 22 + 32=13 YES

and (-=3)* + (-2)*=13 YES

1

2

Substitute x + 1 for y into the second
equation.
Expand the brackets and simplify.

Factorise the quadratic equation.
Work out the values of x.
To find the value of y, substitute

both values of x into one of the
original equations.

Substitute both pairs of values of x
and y into both equations to check
your answers.
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Example 2 Solve 2x + 3y =5 and 2y? + xy = 12 simultaneously.
X = 5-3y 1 Rearrange the first equation.
2
5-3 ) — .
2y? +(Ty]y=12 2 Substitute -3y for x into the
second equation. Notice how it is
_ay2 easier to substitute for x than fory.
2y? + V=3V gy o
2 3 Expand the brackets and simplify.
4y* +5y—3y? =24
V' 45y =240 4 Factorise the quadratic equati
actorise the quadratic equation.
(v +8)(y~3)=0 | |
Soy=-8ory=3 Work out the values of y.
Using 2x + 3y =5 6 To find the value of x, substitute
Wheny=-8, 2x+3x(-8)=5, x=145 both values of y into one of the
Wheny=3, 2x+3x3=5 x=-2 original equations.
So the solutions are
Xx=145 y=-8 and x=-2,y=3
Check: 7 Substitute both pairs of values of x
equation 1: 2x 145+3%x (-8)=5 YES and y into both equations to check
and 2x(-2)+3x3=5 YES your answers.
equation 2: 2x(—8) + 14.5x(—8) = 12 YES
and 2 x (3)°+(-2)x3=12 YES
Practice
Solve these simultaneous equations.
1 y=2x+1 2 y=6-x
X2 +y?=10 X2 +y2=20
3 y=x-3 4 y=9-2x
x2+y*=5 X2 +y2=17
5 y=3x-5 6 y=x-5
y=x2—-2x+1 y=x>—5x—12
7 y=x+5 8 y=2x-1
X2 +y2=25 X2+ xy =24
9 y=2x 10 2x+y=11
y?—xy=8 xy = 15
Extend
11 x-y=1 12 y—x=2
xX2+y*=3 X2+ xy=3
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Answers
1 x=1y=3
9 13
X:——, = —_——
5 5
2 x=2,y=4
X=4,y=2
3 x=1ly=-2
Xx=2,y=-1
4 x=4y=1
1,13
5’ 5
5 x=3,y=4
Xx=2,y=1
6 x=7,y=2
Xx=-1,y=-6
7 x=0,y=5
Xx=-5y=0
-_8 -_18
8 x= 3,y 3
Xx=3,y=5
9 =2,y=-4
:Z,y:4
_5 . _
10 x—E,y—G
Xx=3,y=5
11 X=1+2\/§, =—1+J§
X = 172\/5,)/: 145

12 x= —1+\/7’y= 3447
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Straight line graphs

Key points

e Astraight line has the equation y = mx + ¢, where m is
the gradient and c is the y-intercept (where x = 0).

e The equation of a straight line can be written in the form
ax + by + ¢ =0, where a, b and ¢ are integers.

e When given the coordinates (x1, y1) and (xz, y2) of two ymmate
points on a line the gradient is calculated using the

formula m=Y2—%1

Xy =X

Examples

(x, )

c _ LTy
gradient m = W

0 x
b, 5'1)/

Example 1 A straight line has gradient —% and y-intercept 3.

Write the equation of the line in the form ax + by + ¢ = 0.

=1 andc=3
2

Soy= 7%x+3

1 -
Ex+y—3—0

X+2y—6=0

1 A straight line has equation
y = mx + c. Substitute the gradient
and y-intercept given in the question
into this equation.

2 Rearrange the equation so all the
terms are on one side and 0 is on
the other side.

3 Multiply both sides by 2 to
eliminate the denominator.

Example 2 Find the gradient and the y-intercept of the line with the equation 3y —2x + 4 =0.

3y—2x+4=0
y=2x—-4
-2y A

3 3

. 2
Gradient=m = §

. 4
y-intercept =c¢ = 3

1 Make y the subject of the equation.

2 Divide all the terms by three to get
the equation in the formy = ...

3 Inthe formy =mx + c, the gradient
is m and the y-intercept is c.
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Example 3

Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c

13=3x5+¢
13=15+c¢

c=-2
y=3x—2

1 Substitute the gradient given in the

question into the equation of a
straight liney = mx + c.

2 Substitute the coordinates x =5 and

y = 13 into the equation.

3 Simplify and solve the equation.

4 Substitute ¢ = -2 into the equation

y=3x+cC

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

X\=2,%=8,y=4and y,=7

o Yomy _7-4_3_1
X, =% 8-2 6 2
y—1x+c
2
4=1><2+C
2
c=3
1
==X+3
y 2

1 Substitute the coordinates into the
equation m =22=Y1 to work out
X, —

the gradient of the line.

2 Substitute the gradient into the

equation of a straight line
y=mx+c.

3 Substitute the coordinates of either

point into the equation.

4 Simplify and solve the equation.
5 Substitute ¢ = 3 into the equation

y—1x+c
2
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Practice
1  Find the gradient and the y-intercept of the following equations.
a y=3x+5 b :—%x—7
c 2y=4x-3 d x+y=5 Hint _
Rearrange the equations
e 2x-3y-7=0 f 5x+y-4=0 to the formy=mx + ¢
2  Copy and complete the table, giving the equation of the line in the form y = mx + c.
Gradient y-intercept | Equation of the line
5 0
-3 2
4 7
3 Find, in the form ax + by + ¢ = 0 where a, b and c are integers, an equation for each of the lines
with the following gradients and y-intercepts.
a gradient —% , y-intercept —7 b gradient 2, y-intercept 0
c gradient % y-intercept 4 d gradient-1.2, y-intercept -2
4 Write an equation for the line which passes though the point (2, 5) and has gradient 4.
5  Write an equation for the line which passes through the point (6, 3) and has gradient —%
6  Write an equation for the line passing through each of the following pairs of points.
a (4,5), (10,17) b (0,6), (-4,8)
c (_15 _7), (Sa 23) d (35 10)5 (45 7)
Extend
7  Theequation of a line is 2y + 3x — 6 = 0.

Write as much information as possible about this line.
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Answers

1 a m=3c=5 b m=—%,c=—7
C m:2,c=—g d m=-1,c=5
e m=§,c=—%or—2% f m=-5-c=4

2

7

Gradient y-intercept | Equation of the line
5 0 y = 5x
-3 2 y=-3x+2
4 -7 y =4x -7
a Xx+2y+14=0 b 2x-y=0
c 2x-3y+12=0 d 6x+5y+10=0
y=4x-3
_ 2
y-—§x+7
_ _ 1
a y=2x-3 b y——5x+6
c y=5bx-2 d y=-3x+19

y= —g X+3, the gradient is —% and the y-intercept is 3.

The line intercepts the axes at (0, 3) and (2, 0).

Students may sketch the line or give coordinates that lie on the line such as (1, gj or (4, —3).
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Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points y
-1
e When lines are parallel they have the same \ «— gradient = —3
gradient. > perpendicular
e Aline perpendicular to the line with equation lines
y = mx + ¢ has gradient —%. / 0 \x
parallel lines
gradient =m

Examples

Example 1  Find the equation of the line parallel to y = 2x + 4 which passes through
the point (4, 9).

y=2x+4 1 As the lines are parallel they have

m=2 the same gradient.

y=2X+¢ 2 Substitute m = 2 into the equation of
a straight line y = mx + c.

9=2x4+c 3 Substitute the coordinates into the
equationy =2x + ¢

9=8+c 4 Simplify and solve the equation.

c=1

y=2x+1 5 Substitute ¢ = 1 into the equation
y=2x+c¢

Example 2 Find the equation of the line perpendicular to y = 2x — 3 which passes through
the point (-2, 5).

y=2x—3 1 Asthe lines are perpendicular, the
m=2 gradient of the perpendicular line
1 1 o1
- == is ——.
m 2 m
1 . 1.
y:—§x+c 2 Substitute m = -3 intoy =mx + C.
1 3 Substitute the coordinates (-2, 5)
5=—=x(-2)+cC
2 . . 1
into the equation y = _EX +cC
5=1+c 4 Simplify and solve the equation.
c=4
y=——X+4 5 Substitute ¢ = 4 into y:—%x+c.

@ Pearson
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Example 3 A line passes through the points (0, 5) and (9, —1).
Find the equation of the line which is perpendicular to the line and passes through

its midpoint.

x=0,x,=9,y=5and y,=-1

mZY2_y1:_1_5
X, =% 9-0
_6__2
9 3
1.3
m 2
y—§x+c
2
Midpoint: [w,S—'_—(_l)j:[g, 2)
2 2 2
2:§x—+c
2 2
__18
4
_3,.18
2 4

Substitute the coordinates into the

equation m=22"Y1 to work out
X=X
the gradient of the line.

As the lines are perpendicular, the
gradient of the perpendicular line
. 1
is ——.

m
Substitute the gradient into the

equationy = mx + c.

Work out the coordinates of the
midpoint of the line.

Substitute the coordinates of the
midpoint into the equation.

Simplify and solve the equation.

Substitute ¢ = —% into the

. 3
equation y =§x+c :

Practice

1  Find the equation of the line parallel to each of the given lines and which passes through each of

the given points.

a y=3&+1 (3,2

C 2X+4y+3=0 (6,-3) d

2  Find the equation of the line perpendiculartoy = %x — 3 which

b y=3-2x (1,3)

passes through the point (-3, 3).

2y 3x+2=0 (8,20)

Hint
If m= % then the negative

reciprocal 1_b
m a

3 Find the equation of the line perpendicular to each of the given lines and which passes through

each of the given points.

a y=2x-6 (4,0

c X-4y-4=0 (5,15 d

b y= _%X+E

(2,13)

By+2x-5=0 (6,7)

@ Pearson
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4 Ineach case find an equation for the line passing through the origin which is also perpendicular
to the line joining the two points given.

a (4’ 3)’ (72’ 79) b (O, 3), (7105 8)
Extend
5  Work out whether these pairs of lines are parallel, perpendicular or neither.
a y=2x+3 b y = 3X c y=4x-3
y=2x-7 2x+y-3=0 4y +x=2
d 3x-y+5=0 e 2x+5y-1=0 f 2X—-y=6
x+3y=1 y=2x+7 6x—3y+3=0

6  The straight line L passes through the points A and B with coordinates (-4, 4) and (2, 1),
respectively.

a  Find the equation of L in the formax+ by +c =0

The line L, is parallel to the line L1 and passes through the point C with coordinates (-8, 3).
b  Find the equation of L in the formax+by+c=0

The line Ls is perpendicular to the line L; and passes through the origin.
¢ Find an equation of L

Answers
1 a y=3x-7 b y=-2x+5
C =1y d =3x+8
2 2
2 y=-2x-7
3 a y=—%x+2 b y=3x+7
c y=-4x+35 d y=gx—8
4 a y= —%x b y = 2x
5 a Parallel b Neither c Perpendicular
d Perpendicular e Neither f Parallel
6 a x+2y-4=0 b X+2y+2=0 c y = 2X

@ Pearson
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Rearranging equations

Key points

e To change the subject of a formula, get the terms containing the subject on one side and
everything else on the other side.
e You may need to factorise the terms containing the new subject.

Examples

Example 1

Make t the subject of the formula v =u + at.

v=u+at

Get the terms containing t on one
side and everything else on the other
side.

Divide throughout by a.

Example 2

Make t the subject of the formula r = 2t — zz.

r=2t—nxt

r=t2-n)
r

t=—

2—71

All the terms containing t are
already on one side and everything
else is on the other side.

Factorise as t is a common factor.

Divide throughout by 2 — 7.

Example 3

Make t the subject of the formula t+?r :% :
+r_X
5 2
2t + 2r = 15t
2r=13t
=2
13

Remove the fractions first by
multiplying throughout by 10.

Get the terms containing t on one
side and everything else on the other
side and simplify.

Divide throughout by 13.
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Example 4 Make t the subject of the formula r = 3:[ +15 :

3t+5 1 Remove the fraction first by
=711 multiplying throughout by t — 1.
rt—1)=3t+5 2 Expand the brackets.
rn—r=3t+5 3 Get the terms containing t on one
M—3t=5+r side and everything else on the other
- side.
t(r—3)=5+r 4 Factorise the LHS as t is a common
5ir factor.
t="—— 5 Divide throughout by r — 3.
r-3
Practice
Change the subject of each formula to the letter given in the brackets.
1 C=zd [d] 2 P=21+2w [W] 3 Dz% u
4 p:? [t] 5 u=at—%t [t] 6 V=ax+4x [X]
y—-7x 7-2y 2a-1 b-c
7 I -_ =7 8 x= a 9 — [d
= 1] ~—. [ — [
10 h=T9=% (g 11 e(9+x) =2e+1 [e] 12 y=2*3 g
2+49 -X
13 Make r the subject of the following formulae.
a A=nar’ b V:gm‘3 c P=ar+2r Vzém’zh

14 Make x the subject of the following formulae.

xy_ab p ATex_ 32
7 cd d  py
. . a b
15 Make sin B the subject of the formula — =—
sinA sinB

16 Make cos B the subject of the formula b? = a? + ¢2 — 2ac cos B.

Extend

17 Make x the subject of the following equations.

a g(sx+t)=x—1 b g(ax+2y):3—g(x—y)
q

@ Pearson
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Answers

10

13 a r=

14 a X=—o

15 sinB

16 cosB =

17 a X=——

11

W:Lm 3 T:E
2 D
2a-1 a+4
:3x+1 9 d::b—c
X+2 X
GZL 12 X:4y__3
X+7 2+y
3V
r=3—
A
3V
r=,—
27h
3dz
X= 5
4rcpy

«_ 3Py+2pay _ y(3+29)

3p—apq 3—aq



